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Abstract
Renormalization group equations for massless GUT’s in curved space-time with non-
trivial topology are formulated. The asymptotics of the effective action both at high
and low energies are obtained. It is shown that the Casimir energy contribution at high
curvature (early Universe) becomes non-essential in the effective action.
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The investigation of the different aspects of quantum field theory in spaces with non-
trivial topology (see [1-3] and references therein) is interesting for several reasons. First, it
is possible that the early Universe was in fact multiconnected. Second, in the Kaluza-Klein
approach some of the dimensions of the Universe must be compactified (what provides
the space with a non-trivial topology). Third, field theory in the simplest space with
non-trivial topology (the one-torus compactified space) is quite similar to field theory at
non-zero temperature.
Beautiful realizations of the Casimir effect corresponding to different field theories on
spaces with non-trivial topology have been investigated in a number of works (see [4], for
instance, and references therein). The question of the definition of the vacuum energy
is a most fundamental one in any quantum field theory, and it transforms into a highly
involved problem when curved space, general boundaries, and non-trivial topologies are
considered. Very skillful regularizations have to be used and these studies become a
playground for various elegant general methods of analysis.
So, the different ingredients (and outcoming results) of quantum field theory in curved
space-time with non-trivial topology are highly interesting.
In the present letter, we formulate the renormalization group equations in curved
space with non-trivial topology. For simplicity, we restrict ourselves to the particu-
lar space R3 × S1, where R3 is a curved three-dimensional space while S1 is the one-
dimensional torus. We shall calculate the asymptotics of the effective action for an arbi-
trary asymptotically-free GUT defined on such a background. In particular, we are going
to construct the explicit general form of the renormalization group equations, what will
allow us to investigate the different asymptotics (high and low energies) of the effective
action. From such investigation carried out for asymptotically free GUTs we will conclude
that —for these theories— the consideration of the topological Casimir energy is actually
not essential in the early Universe (strong curvature limit).
Let us start from a massless GUT which includes scalars, spinors and gauge fields.
Denote the set of fields by ϕ and the set of coupling constants by f . The multiplicatively
renormalized Lagrangian has the following schematical form (see [5,6] for a review and
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details)
L = √−g (Lext + Lm),
Lext = aR2 + bG+ c C2µναβ + d✷R, (1)
Lm = −1
4
GaµνG
aµν +
1
2
(DµΦ)
2 +
1
2
ξRΦ2 + ψ¯ 6 Dψ + hψ¯ψΦ− λΦ4.
Here ϕ =
{
Aaµ, ψ,Φ
}
is the set of fields and f = {g, h, λ, ξ, a, b, c, d} is the set of dimen-
sionless coupling constants.
The renormalization group equations in curved space-time (for a review see [5,6]) follow
from the condition of multiplicative renormalizability. In the case under consideration,
we get2
Γ(gµν , L, ϕ0, f0) = Γ(gµν , L, ϕ, f, µ), (2)
where L = 2piR, R being the radius of S1 and µ the mass parameter. Note that what
we have in mind at this point is dimensional regularization and the scheme of minimal
substraction. Then the renormalization constants and β-functions do not depend on L.
It follows from (2), that(
µ
∂
∂µ
+ βf
∂
∂f
+ γϕ
δ
δϕ
)
Γ(gµν , L, ϕ, f, µ) = 0, (3)
where βf is the β-function and γ the γ-function, and ϕ
δ
δϕ
≡ ∫ d4xϕ δ
δϕ
.
Making use of the scale transformation of the metric: gµν → e−2tgµν , we know that
Γ(e−2tgµν , e
−tL, edϕtϕ, f, etµ) = Γ(gµν , L, ϕ, f, µ). (4)
With this transformation, eq. (4) results into the following(
D − L ∂
∂L
)
Γ(e−2tgµν , L, ϕ, f, µ) = 0, (5a)
D Γ(e−2tgµν , e
−tL, ϕ, f, µ) = 0, (5b)(
D − 2gµν δ
δgµν
)
Γ(gµν , e
−tL, ϕ, f, µ) = 0, (5c)
where
D = µ
∂
∂µ
+
∂
∂t
+ dϕϕ
δ
δϕ
.
2In the non-zero temperature formulation, L can be considered as the inverse temperature.
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To our knowledge, these renormalization group equations (5), which correspond to curved
space-time with non-trivial topology, have never been derived before in the literature.
Combining (5a)-(5c) with (3), we can get rid of µ ∂
∂µ
and thus obtain three different forms
for the renormalization group equation in curved space with non-trivial topology. These
are the following:
(
Dt − L ∂
∂L
)
Γ(e−2tgµν , L, ϕ, f, µ) = 0, (6a)
Dt Γ(e
−2tgµν , e
−tL, ϕ, f, µ) = 0, (6b)(
Dt − 2gµν δ
δgµν
)
Γ(gµν , e
−tL, ϕ, f, µ) = 0, (6c)
where
Dt =
∂
∂t
− βf ∂
∂f
− (γ − dϕ)ϕ δ
δϕ
.
Equations (6) constitute the main result of the present letter.
The solutions of eqs. (6a)-(6c) are
Γ(e−2tgµν , L, ϕ, f, µ) = Γ(gµν , L0e
t, ϕ(t), f(t), µ), (7a)
Γ(e−2tgµν , e
−tL, ϕ, f, µ) = Γ(gµν , L, ϕ(t), f(t), µ), (7b)
Γ(gµν , e
−tL, ϕ, f, µ) = Γ(g0µνe
2t, L, ϕ(t), f(t), µ), (7c)
where
df(t)
dt
= βf(t), f(0) = f,
dϕ(t)
dt
= (γ(t)− dϕ)ϕ(t), ϕ(0) = ϕ,
and L0 and g
0
µν are the values of L and gµν at t = 0, respectively. When gµν → e−2tgµν ,
then R2 → e4tR2 (for a general discussion see [5,6]). Here, equation (7a) gives the possi-
bility to investigate the theory in the strong curvature limit (high energies) when t→∞.
On the other hand, for equation (7b), t → ∞ corresponds to the strong curvature and
small radii limit. Finally, for equation (7c) the limit t → ∞ corresponds to the small
radii limit (infrared limit). This follows from the fact that, on the left hand side of (7c),
curvature does not change, while on the right hand side of this equation, when t → ∞
then R2 → e−4tR2, i.e., the limit t → ∞ is the small curvature (or low energy, or big
distance) limit, namely, the infrared limit.
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One can now look to the asymptotics of the effective action for GUT’s like (1). In
the case of asymptotically free GUT’s only the limit t→ +∞ exists (not t→ −∞). The
asymptotic of the effective action is given by the classical action, with coupling constants
and fields changed by the effective coupling constants and effective fields, respectively.
(This picture follows from asymptotic freedom). From now on, for simplicity, we shall put
Aaµ and ψ equal to zero. We shall only consider scalar and gravitational backgrounds.
The typical behaviour of the effective coupling constants and fields for GUT’s is [5,6,7]
(t→∞)
g2(t) ∼ b
t
, b > 0, λ(t) ∼ g2(t), h2(t) ∼ g2(t),
ξ(t) ∼ 1
6
+
(
ξ − 1
6
)
taξ , Φ(t) ∼ Φe−tt−aΦb, (8)
where for different models, the constants aξ and aΦ can be positive or negative. The
effective coupling constants, a(t), b(t), c(t) and d(t) behave, as a rule, as ∼ const × t,
when t→∞.
Substituting (8) in (7a) we get that the asymptotics of the effective action are given
by Lext, as in the case of a space with trivial topology [5,6]. (Normally, the term in the
square of the Weyl tensor is the leading one among the terms of Lext). The same is true
for equation (7b). However, for equation (7c) the situation is quite different.
Here the analysis must take into account the finite topological correction to the effec-
tive action provided by the Casimir energy, i.e.
ΓC =
∫
d4x
√
g
C
L4
, (9)
where the constant C has the form [8]:
C = λ
(
Nϕ + c1/2Nψ + c1NA
)
. (10)
The N ’s mean here number of fields of each given type, while the constant λ and the
coefficients c’s only depend on the number of compactified dimensions (assuming peri-
odic boundary conditions) or on the kind of specific boundary conditions imposed. In
particular, for a single compactified dimension, we have
λ = −pi
2
90
(11)
5
and the coefficients are simply the spin multiplicity factors (negative for fermions, so
c1/2 = −4). One must observe that these are the only ‘boundary conditions’ which are
compatible for all kind of spins, and correspond to Kaluza-Klein theories. If, on the
other hand, we impose the ‘ordinary’ conditions of the (electromagnetic) Casimir effect
—i.e. those corresponding to perfectly conducting parallel plates, related with Dirichlet
boundary conditions for the scalar fields— then the value of λ is given by
λ = − pi
2
1440
(12)
and moreover c1 = 2 [8].
3 Finally, the same coefficients are valid in both cases when,
instead of one, two of the dimensions are compactified.
Summing up, we see that the leading part of the effective action when t→∞ is
Γ ∼
∫
d4x
√
g e3t
C
L4
, (13)
As a consequence, the topological correction to the classical action (1) actually becomes
important in the small radii limit (at some fixed curvature), i.e. in the infrared limit.
Our investigation shows that if one describes the early Universe in the GUT’s epoch by
means of some model of asymptotically free GUT, like SU(5) or E6, one can consistently
neglect the topological corrections to the effective action at strong curvature (near the
Planck scale). In such class of theories the Casimir effect is not important, as we have
argued, for considerations about the early Universe. However, the situation changes
completely if we describe the early Universe with the help of a Kaluza-Klein type of
theory. Indeed, because of the non-renormalizability of Kaluza-Klein theories, the above
renormalization group equations are not valid. From the other side, if we identify L with
the radius of the extra dimension (consider d = 5, for simplicity), to be consistent with the
observations it is well known that we need to take L ∼ LPlanck. Here the Casimir energy
gives the biggest contribution to Γ ∼ L−4Planck, and is expected to be very important.
To conclude, it may be interesting to note that this asymptotic effective action does
not change in R2-gravity interacting with GUT matter (see [5,6] for a review). Again, the
3Notice again that Dirichlet boundary conditions for the scalar field do not admit a generalization to
fields with spin.
6
Casimir energy is essential in equation (7b), where we should include into the constant
C of (13) the contribution from the quantum gravitational field (of course, in this case
the asymptotic behaviours (8) are different). Finally, the extension of these considera-
tions to other spaces —in particular with non-trivial topology (as hyperbolic spaces)— is
straightforward.
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